We apply the Riccati-Padé method and the Rayleigh-Ritz method with complex rotation to the study of the resonances of a one-dimensional well with two barriers. The model exhibits two different kinds of resonances and we calculate them by means of both approaches. While the Rayleigh-Ritz method reveals each set at a particular interval of rotation angles the Riccati-Padé method yields both of them as roots of the same Hankel determinants.
Introduction
Many years ago Moyseyev et al. [1] discussed the application of complex rotation to the calculation of resonances. As a simple, nontrivial illustrative example they chose the potential V (x) = 1 2 x 2 − J exp −λx 2 + J that exhibits "pre-dissociating resonances analogous to those found in diatomic molecules". The same model was chosen by other authors to test different approaches for the calculation of resonances [2] [3] [4] and a controversy about the behaviour of E versus E arose [5, 6] . The discrepancy between the results of Rittby et al. [3, 4] and Korsch et al. [5] was shown to be caused by the choice of the rotation angle θ with respect to the critical angle θ crit [6] . The set of resonances that one obtains with complex-rotation angles θ < π/4 is different from the one that comes from greater angles θ > π/4. Epifanov [7] and Abramov et B Francisco M. Fernández fernande@quimica.unlp.edu.ar al. [8] also chose this model for resonance calculations. The latter authors stated that their results broadly agreed with those of Rittby et al. [4] . For the commonly chosen parameters are J = 0.8, λ = 0.1 the potential supports only one bound state with energy E 0 < J and many resonances.
On studying the performance of the Riccati-Padé method (RPM) for the calculation of bound states and resonances Fernández [9] found an apparently strange resonance located quite close to the only bound state of the model. This resonance had in fact been reported by Rittby et al. [6] and labelled as the KLM pole 0 + .
The purpose of this paper is to investigate if the RPM yields both sets of poles REB and KLM [6] or just one kind. To this end we carry out extremely accurate RPM calculations and compare them with the results provided by the Rayleigh-Ritz method with complex rotation.
The model
In this paper we study the spectrum of the dimensionless Hamiltonian operator H = p 2 + V (x), where p = −id/dx and
Note that this Hamiltonian, which is the one chosen by Fernández [9] , is exactly twice the one mentioned above [2] [3] [4] [5] [6] [7] [8] . The potential (1) exhibits a minimum V (0) = 0 at origin and two barriers of height
located at x = ±x b . In addition to it, lim |x|→∞ V (x) = 2J is the threshold of the continuum spectrum. That is to say: we expect bound states for 0 < E < 2J and unbound states for E > 2J . It is well known that there is always a bound state ψ 0 (x) with energy E 0 for all values of J > 0. The Hellmann-Feynman theorem tells us that the bound states satisfy
The energies of the bound states increase with J more slowly than the threshold 2J and as J increases more bound states appear. The Taylor expansion of V (x) about the origin
suggests that if λ 1 the bound-state eigenvalues are approximately given by E n ≈ √ 2J λ + 1(2n + 1), n = 0, 1, . . ., provided that E n 2J . In other words, the harmonic approximation is valid in the limit of sufficiently small λ and sufficiently large J .
The Riccati-Padé method
The dimensionless Schrödinger equation for a one-dimensional model reads
where E is the eigenvalue and ψ(x) is the eigenfunction that satisfies some given boundary conditions. For example, lim |x|→∞ ψ(x) = 0 determines the discrete spectrum and the resonances are associated to outgoing waves in each channel (for example, ψ(x) ∼ Ae ikx ). In order to apply the RPM we define the regularized logarithmic derivative of the eigenfunction
that satisfies the Riccati equation
where s = 0 or s = 1 for even or odd states, respectively. If V (x) is a polynomial function of x or it can be expanded in a Taylor series about x = 0 then one can also expand f (x) in a Taylor series about the origin
On arguing as in earlier papers (see, for example [9] and references therein) we conclude that we can obtain approximate eigenvalues to the Schrödinger equation from the roots of the Hankel determinant
where D = 2, 3, . . . is the dimension of the determinant and d is the difference between the degrees of the polynomials in the numerator and denominator of the rational approximation to f (x). In those earlier papers we have shown that there are sequences of roots
that converge towards the bound states and resonances of the quantum-mechanical problem. We have at our disposal many sequences, one for each value of d, but it is commonly sufficient to choose d = 0. For this reason, in this paper we restrict ourselves to the sequences of roots
The Hankel determinants (9) are polynomial functions of E with real coefficients. Therefore, since both E and E * are roots we simply show the absolute value of the imaginary part of the complex eigenvalues calculated by means of the RPM.
It has been shown that the quantization condition (9) is consistent with moving a zero of ψ(x) towards infinity either along the real axis [10, 11] or along a ray xe iβ on the complex coordinate plane [12] . In order to appreciate the latter statement clearer consider the canonical transformation
that is commonly called scaling or dilatation transformation. If γ is real, then U is unitary and U −1 = U † (the adjoint of U ). The coefficientsf j of the Taylor expansion off (x) = f (γ x) about x = 0 are given byf j = γ 2 j+1 f j and the corresponding Hankel determinants are related by
It is clear from this expression that the roots of the Hankel determinant
Results and discussion
We first comment on a particular feature of the RPM that was already discussed in earlier papers(see, for example, [9] ). The canonical transformation (10) with γ = e iθ leads to U HU
When θ = π/2 then
The Hamiltonian H C R exhibits discrete spectrum for all E > 0 and, according to the discussion of the preceding section, the application of RPM to H yields also the eigenvalues of −H C R . For example, from a sequence of negative roots
Note that in this case the RPM is moving the zero of ψ(x) towards infinity along the imaginary axis (U xU −1 = i x).
Some time ago, Rittby et al. [3, 4] calculated the resonances for the potential (1) with J = 0.8 and λ = 0.1 finding a curious oscillation in the plot of E versus E and that E < E threshold . Korsch et al. [5] argued that such oscillation was due to numerical instabilities or to a limited range of variation of the complex-rotation angle and presented alternative results for E versus E that exhibited a smoother behaviour with a maximum. The discrepancy was found to be more noticeable between the resonances with high quantum number. In a reply to this comment Rittby et al. [6] showed that one obtains either one set of results or the other depending on the angle of rotation of the coordinate in the complex plane. They obtained their earlier results when θ < θ crit and those of Korsch et al. [5] when θ > θ crit , where θ crit = π 4 is the angle at which the asymptotic limit of V (e iθ x) ceases to exist. More precisely, the real part of V (e iθ x) exhibits an oscillation of increasing magnitude when θ ≥ 
while, on the other hand, from determinants of dimension D ≤ 34 we obtained
For even solutions ψ(−x) = ψ(x) there is always a bound state and from roots of Hankel determinants of order D ≤ 34 we obtained
As stated above, this bound state is probably the REB pole 0 + that was supposed to exhibit a very small imaginary part (∼ 10 −14 ) [6] . It was also reported in a table of another paper by the same authors [4] . Close to this bound state lays the resonance E b 0 that one easily obtains by means of the RPM. From determinants of dimension D ≤ 34 we obtained It is worth noting that E b 0 is of the order of E b 0 − E bs 0 . The first odd resonance of type b is embedded in the continuum:
By means of the RPM we calculated some of the REB poles (Table 1 ) and all the KLM poles ( Table 2) . Resonances of type a with larger quantum number n are very difficult to obtain by means of the RPM because they appear at rather too large determinant dimensions. However, the results shown in these tables are more accurate than those reported by Rittby et al. [3, 4, 6] and Korsch et al. [5] (note that our results are twice those in references [3] [4] [5] [6] ).
Resonances in the discrete spectrum also appear for odd solutions provided that J is large enough. For example, when J = 2 we have one odd bound state with energy
and its partner resonance
both obtained from determinants of dimension D ≤ 34. In this case we also appreciate that E b 1 is of the order of E b 1 − E bs 1 . Note that E b 1 increased with J but not as fast as 2J and, consequently, it crossed the threshold from the continuum to the discrete spectrum. Our numerical results suggest that the resonances also satisfy the bound-state condition 0 < ∂ E res /∂ J < 2 and that ∂ | E res | /∂ J < 0.
For the same potential parameters we have the ground state
obtained from determinants of dimension D ≤ 34. For small J it is easier to obtain the resonance in the discrete part of the spectrum than the partner bound state by means of the RPM. This behaviour tends to be exactly the opposite as J increases.
According to the results of Rittby et al. [6] (see also present Tables 1 and 2 ) the REB and KLM poles with the same quantum number are almost identical if the resonance number n is small enough. As n increases the members of each pair move apart. Present results suggest that if J increases a pair of complex eigenvalues crosses the threshold 2J into the discrete spectrum. The eigenvalue of type a becomes the energy of a bound state ( E a = 0 when E a < 2J ) while the eigenvalue of type b becomes its accompanying resonance.
In order to test the RPM results we have carried out a Rayleigh-Ritz calculation with complex-rotation (see, for example, reference [1] and references therein) and the basis set of the harmonic oscillator H H O = p 2 + x 2 . Fig. 1 shows log E R R (θ ) − E R P M
R E B
and log E R R (θ ) − E R P M K L M for J = 0.8, λ = 0.1 and N = 80 basis functions. This figure shows that the optimal angles satisfy θ R E B < π/4 < θ K L M . A more extensive calculation with several values of N suggests that both optimal complexrotation angles increase with N in such a way that while the REB one remains smaller that π/4 the KLM one becomes clearly greater than such critical angle.
An interesting property of the resonances of type b (KLM poles) emerged during the calculation. If we look for stable eigenvalues roughly in the interval 0.85 < θ < 0.95 then E b oscillates as shown in Fig. 2 for the first two ones E b 0 and E b 1 . On the other hand, E a is always negative when 0.65 < θ < 0.78. As argued above, the latter eigenvalues become real when crossing the continuum threshold E = 2J and the rate of convergence of the Rayleigh-Ritz method becomes remarkably small about such point.
There is no doubt that the one-dimensional potential (1) exhibits two kinds of resonances (REB and KLM poles) that the complex-rotation method reveals at two different intervals of rotation angles. What is most interesting is that the RPM yields both sets of eigenvalues as roots of the same Hankel determinants. The only difference is that the KLM poles appear in Hankel determinants of smaller dimension and we can calculate them more accurately when J is relatively small. Exactly the opposite is commonly true for sufficiently large values of J . The RPM yields both sets of eigenvalues because the roots of the Hankel determinants are invariant under complex-rotation of the coordinate. Since the resonances of type a become bound states when they pass from E a > 2J to E a < 2J one may interpret them as the usual metastable states and bound states. It only remains to know if the resonances of type b have any useful physical meaning.
